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ARCHIVUM MATHEMATICUM (BRNO)Tomus 29 (1993), 235 { 240EINSTEIN{LIKE SEMI{SYMMETRIC SPACESE. Boeckx*Abstract. One proves that semi-symmetric spaces with a Codazzi or Killing Riccitensor are locally symmetric. Some applications of this result are given.1. IntroductionAmanifold (M; g) is said to be semi-symmetric ([S], [Sz1]) if its curvature tensorR satises the condition RXY  R = 0 for all vector elds X and Y on M , whereRXY acts as a derivation on R. This condition means that, at each point p of M ,Rp is the same as the curvature tensor of a symmetric space. This symmetric spacemay change with the point. This class of spaces was rst studied by E. Cartan([Ca]) as a direct generalization of the class of symmetric spaces. Other authorsin the eld are A. Lichnerowicz, R. S. Couty and N. S. Sinjukov, who rst usedthe name \semi-symmetric space" for manifolds satisfying the above curvaturecondition ([S]).In 1982, Z. I. Szabo gave the full local classication of semi-symmetric spaces.He proved ([Sz, Theorem 4.5]) that a semi-symmetric space is locally a de Rhamproduct of irreducible semi-symmetric spaces, namely symmetric spaces, two-dimensional surfaces, semi-symmetric Riemannian manifolds foliated by Euclideanspaces of codimension two, and six types of cones (real elliptic, real hyperbolic,real Euclidean and three types of Kahlerian cones). We remark that he describesthe class of semi-symmetric manifolds foliated by Euclidean spaces of codimensiontwo only implicitly , i.e., he does not give explicit expressions for the metric of suchspaces, but only an integrable system of partial dierential equations and the ex-act number of solutions which follows from the Cauchy-Kowalewski theorem. Theglobal classication is treated in [Sz2].In [K2], O. Kowalski studies the class of foliated semi-symmetric spaces in di-mension three. He solves the partial dierential equations to obtain explicit ex-pressions for the metrics of such spaces. Applying his method also to the higher-dimensional case, O. Kowalski, L. Vanhecke and the present author were able1991 Mathematics Subject Classication : 53C20, 53C25, 53C35.Key words and phrases: semi-symmetric spaces, Killing and Codazzi Ricci tensor, locally sym-metric spaces, spaces with volume-preserving geodesic symmetries, C-spaces, Osserman spaces.Received May 26, 1993.*Research Assistant of the National Fund for Scientic Research (Belgium)
236 E. BOECKXto give explicit expressions for the metrics of a special subclass of the foliatedsemi-symmetric spaces, namely those for which the scalar curvature is constantalong the Euclidean leaves ([BKV]). In particular, this led to the classication ofsemi-symmetric spaces which are curvature homogeneous, or equivalently, haveconstant scalar curvature. The more general case will be treated in a forthcomingstudy ([Bo]).In this note, we consider semi-symmetric spaces satisfying additional conditionson the Ricci tensor. More precisely, we will prove theMain theorem. A semi-symmetricmanifold (M; g) whose Ricci tensor  is cyclic-parallel (i.e., (DX)XX = 0), or is a Codazzi tensor (i.e., (DX)Y Z = (DY )XZ ),is locally symmetric.Manifolds with cyclic-parallel or Codazzi tensor  are called Einstein-like in[G]. (See also [B, Chapter 16].) The proof of the main theorem is based on theclassication theorem by Z. I. Szabo and on the explicit expression for the metricof a foliated semi-symmetric space with constant scalar curvature. In Section 3,we derive some immediate consequences for semi-symmetric spaces with volume-preserving geodesic symmetries and for semi-symmetric C-spaces ([BV]). Also,from the proof of the main theorem, we show that a locally homogeneous semi-symmetric space is locally symmetric.I wish to thank P. Bueken, O. Kowalski and L. Vanhecke for their support andfor useful discussions. 2. Proof of the main theoremAll manifolds, vector elds and dierential forms are assumed to be C1. Wedenote the Riemann curvature tensor by R, the Ricci tensor by , the scalarcurvature by  and the Levi Civita connection by D.Let (M; g) be a (connected) semi-symmetric space whose Ricci tensor is eithercyclic-parallel or a Codazzi tensor. Then, each factor in Szabo's structure the-orem satises the same condition. Next, both conditions imply that the scalarcurvature of each factor is constant (see, for example, [D'AN], [G]). As the scalarcurvature of any type of cone in Szabo's structure theorem is not constant, thelocal decomposition of (M; g) does not contain factors of cone type. Moreover, atwo-dimensional surface with constant scalar curvature is locally isometric to atwo-dimensional symmetric space. Hence, (M; g) is locally a product of symmetricspaces and of Riemannian manifolds foliated by Euclidean spaces of codimensiontwo with constant scalar curvature.We consider now a space of this last type. Let (Mn+1; g) be an irreduciblesemi-symmetric manifold foliated by Euclidean spaces of codimension two withconstant scalar curvature. In [BKV], O. Kowalski, L. Vanhecke and the presentauthor proved that the metric of (Mn+1; g) is given explicitly, on an open anddense subset of M , by the following expressions for an orthonormal coframe in a
EINSTEIN{LIKE SEMI{SYMMETRIC SPACES 237special adapted coordinate system (w; x1; : : : ; xn):(2:1) !0 = f(w; x1) dw;!i = dxi + nXj=1Dij(w)xj dw; i = 1; : : : ; n;where Dij(w) + Dji (w) = 0 and f 00x1x1 + kf = 0, for some non-zero constant k.The scalar curvature is given by  = 2k. Using these expressions, we show thatthe condition on the Ricci tensor implies that kDRk2 = 0 on this open and densesubset, and hence everywhere. So, M will be locally symmetric.Using the standard formulas (see [KN]), we easily obtain the connection forms!ij: !01 = f 1f 0x1 !0;!0j = 0; j  2;!ij = f 1Dij(w)!0; i; j  1;where !ij + !ji = 0. Then the Riemann curvature tensor and the Ricci tensor aregiven by R = 2 !0 ^ !1 
 !0 ^ !1; = 2 (!0 
 !0 + !1 
 !1):By the standard formulas DX!i =P!ij(X)!j , we then obtainDX!0 = !0(X)f 1f 0x1 !1;DX!1 =  !0(X)f 1 (f 0x1 !0   nXj=2D1j !j):Hence, the covariant derivative of  is given by(2:2) DX = 2f 1!0(X) nXj=2D1j (!1 
 !j + !j 
 !1):Now, if  is cyclic-parallel or if it is a Codazzi tensor, then D1j must vanish forj = 2; : : : ; n. So, we have DX!0 = !0(X)f 1f 0x1 !1;DX!1 =  !0(X)f 1f 0x1 !0:But then, obviously, DXR = 0 for all vector elds X on M . Hence, (Mn+1; g) islocally symmetric.Note that the main theorem yields that semi-symmetric Einstein and semi-symmetric Ricci parallel spaces are locally symmetric. This result also follows atonce from [Sz1].
238 E. BOECKX3. ApplicationsBefore giving some applications of the main theorem, we give a result whichfollows from its proof. We mention rst that each homogeneous semi-symmetricspace is locally symmetric ([Sz2]). From the formulas in the previous section wederive the following stronger result:Proposition 3.1. A locally homogeneous semi-symmetric space is locally sym-metric.Proof. A locally homogeneous space always has constant scalar curvature. As inthe previous section, it is then sucient for our purpose to consider only spaces(Mn+1; g) with an orthonormal coframe of the form (2.1). From (2.2), it thenfollows that(3:1) kDk2 = 22 f 2 nXj=2(D1j )2:This is a global constant for a locally homogeneous space. In particular, theright-hand side of (3.1) does not depend on the variable x1. Because f 6= 0 de-pends explicitly on x1 and D1j are independent of x1, the only possibility is thatPnj=2(D1j )2 = 0, i.e., D1j must vanish for j = 2; : : : ; n. But then, the proof of themain theorem shows that (Mn+1; g) is locally symmetric.A rst application of the main theorem itself concerns spaces with volume-preserving geodesic symmetries. These spaces were introduced by J. E. D'Atri andH. K. Nickerson in [D'AN]. Typical examples are spaces which are locally isometricto naturally reductive homogeneous spaces, homogeneous spaces such that all theirgeodesics are orbits of one-parameter subgroups of isometries, commutative spaces,probabilistic commutative spaces, generalized Heisenberg groups and harmonicspaces (see [K1], [V1], [V2]). All these examples are locally homogeneous spacesand it is still an open problem whether or not all spaces with volume-preservinggeodesic symmetries are indeed locally homogeneous. Here we haveCorollary 3.2. A semi-symmetric space with volume-preserving geodesic sym-metries is locally symmetric.Proof. The curvature tensor of a space with volume-preserving geodesic symme-tries satises an innite number of curvature conditions, the so-called odd Ledgerconditions (see [V1]). The rst of this list expresses that its Ricci tensor must becyclic-parallel. The main theorem then gives the result.A second application deals with C-spaces. These spaces are introduced as gen-eralizations of symmetric spaces by J. Berndt and L. Vanhecke in [BV]. Theyare characterized by the property that the eigenvalues of the Jacobi operatorsR = R00 are constant along every geodesic . Several examples are given in[BV], [BPV] and it turns out that again all the known examples are locally homo-geneous. Now we get
EINSTEIN{LIKE SEMI{SYMMETRIC SPACES 239Corollary 3.3. A semi-symmetric C-space is locally symmetric.Proof. It is shown in [BV] that the Ricci tensor of a C-space is a Killing tensor,or equivalently, is cyclic-parallel. Hence, the main theorem implies the result.Remark. This last result was obtained independently and by a dierent approachby J. T. Cho ([Ch]). Our method shows the usefulness of the explicit descriptionof the metrics obtained in [BKV]. Finally, we derive a result concerning globallyOsserman spaces. These spaces are characterized by the property that the eigen-values of the Jacobi operator RX := RXX are independent of the choice of unitvector X 2 TpM and of the choice of p 2M . Osserman conjectured that all thesespaces are locally isometric to a two-point homogeneous space ([O]). From theabove characterizing property, it follows at once that a globally Osserman spaceis a C-space. As an immediate consequence of Corollary 3.3, we then getCorollary 3.4. A semi-symmetric globally Osserman space is locally isometricto a two-point homogeneous space.Proof. From the previous corollary we know that a semi-symmetric globally Os-serman space is locally symmetric. It then follows from [GSV, Lemma 2.3] that itis locally isometric to a two-point homogeneous space.References[BPV] Berndt, J., Prufer, F., Vanhecke, L., Symmetric-like Riemannian manifolds and geodesicsymmetries, preprint.[BV] Berndt, J., Vanhecke, L., Two natural generalizations of locally symmetric spaces, Di.Geom. Appl. 2 (1992), 57-80.[B] Besse, A. L., Einstein manifolds, Ergeb.Math. Grenzgeb. 3. Folge 10, Springer-Verlag,Berlin,Heidelberg, New York, 1987.[Bo] Boeckx, E., Asymptotically foliated semi-symmetric spaces, in preparation.[BKV] Boeckx, E., Kowalski, O., Vanhecke, L., Non-homogeneous relatives of symmetric spaces,Di. Geom. Appl. (to appear)to appear.[Ca] Cartan, E., Lecons sur la geometrie des espaces de Riemann, 2nd edition, Paris, 1946.[Ch] Cho, J. T., Natural generalizations of locally symmetric spaces, Indian J. Pure Appl. Math.(to appear).[D'AN] D'Atri, J. E., Nickerson,H. K.,Divergence-preserving geodesic symmetries, J. Di. Geom.3 (1969), 467-476.[GSV] Gilkey, P., Swann, A., Vanhecke, L., Isoparametric geodesic spheres and a conjecture ofOsserman concerning the Jacobi operator, preprint.[G] Gray, A., Einstein-like manifolds which are not Einstein, Geom. Dedicata 7 (1978), 259-280.[KN] Kobayashi, S., Nomizu, K., Foundations of dierential geometry I, II, Interscience Pub-lishers, New York, 1963, 1969.[K1] Kowalski, O., Spaces with volume-preserving geodesic symmetries and related classes ofRiemannian manifolds, Rend. Sem. Mat. Univ. Politec. Torino, Fascicolo Speciale Settembre(1983), 131{158.
240 E. BOECKX[K2] Kowalski, O., An explicit classication of 3-dimensional Riemannian spaces satisfyingR(X;Y )R=0, preprint.[O] R. Osserman, Curvature in the eighties, Amer. Math. Monthly 97 (1990), 731-756.[S] Sinjukov,N. S.,Geodesic maps on Riemannian spaces, (Russian), PublishingHouse \Nauka"Moscow, 1979.[Sz1] Szabo, Z. I., Structure theorems on Riemannian manifolds satisfying R(X;Y )R=0, I,Localversion, J. Di. Geom. 17 (1982), 531-582.[Sz2] Szabo, Z. I., Structure theorems on Riemannian manifolds satisfying R(X;Y )R=0, II, Globalversions, Geom. Dedicata 19 (1985), 65-108.[V1] Vanhecke, L., Some solved and unsolved problems about harmonic and commutative spaces,Bull. Soc. Math. Belg., Ser. B 34 (1982), 1-24.[V2] Vanhecke, L., Geometry in normal and tubular neighborhoods, Lecture Notes, Proc. Work-shop on Di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